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Abstract 

Z„ Belavin model with open boundary condition is studied. The double-row transfer 
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the intertwiner and the face-vertex correspondence relation. The eigenvalues and the 
corresponding Bethe ansatz equations are obtained. 
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1 Introduction 



Exactly solvable two-dimensional lattice models have been attracting a great deal of interest 
from both physicists and mathematician. Bethe ansatz method has been proved to be 
the most powerful and (probably) unified tool to construct the common eigenvectors of 
commuting families of operators (so-called transfer matrices) for various models plEUHlll]. 
Two-dimensional exactly solvable lattice models have traditionally been solved by imposing 
periodic boundary condition. The Yang-Baxter equation 0] 

Ruiui - U2)Rn{ui - U^)R22.{U2 - Ms) = ^23(^2 - M3)-Ri3(mi " U^)Rl2{ui - U2) , (1.1) 

together with such boundary condition then leads to families of commuting one-row transfer 
matrices and hence solvability P] . The work of Sklyanin [H] shows that, by using the reflection 
equation (RE) introduced by Cherednik [7] 

Ruiui - U2)Ki{ui)R2l{Ui + ^2)^2(^2) = K2{u2)Rl2{Ui + U2)Ki{ui)R2l{Ui - M2), (1.2) 

it is also possible to construct families of commuting double-row transfer matrices for the 
models with open boundary condition j^lElin]- Both the one-row (for periodic boundary 
condition) and the double-row (for open boundary condition) transfer matrices for rational 
and trigonometric integrable models can be very successfully diagonalized by algebraic Bethe 
ansatz method [TUl ITT| IT^ . 

In contrast to the rational and trigonometric models, the elliptic models of vertex type, 
such as the eight- vertex model (or Z2 Belavin model) and Z„ Belavin model |TBI, had been 
problematic due to the fact that the corresponding pseudo-vacuum state could not be con- 
structed directly in vertex form (SJ El El E|- Or from the representation theories point 
of view, the highest weight representations of the underlying algebras — Z,„ Skyanin algebras 
[T7| ITH] were not properly defined. Therefore, the algebraic Bethe ansatz method had not 
been applied to the elliptic integrable models directly. 

It is well-known that in Baxter's original work for the eight- vertex model with periodic 
boundary condition, he elegantly used the intertwiner to transform the eight-vertex model 
(vertex type) to A^^^ solid-on-solid (SOS) model (face type) through the face-vertex cor- 
respondence relation, then he succeeded in constructing the corresponding pseudo-vacuum 
state and in diagonalizing the transfer matrices by algebraic Bethe ansatz method. This 
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method was later generalized to diagonalize Belavin model with periodic boundary con- 
dition by using the generalized intertwiner and the face-vertex correspondence relation 
given by pUj. In jHj, it was further generalized to diagonalize the eight- vertex model with 
open boundary condition. 

In this paper, we will extend the above construction of Bethe ansatz method to the 
generic Z„ Belavin model with open boundary condition. In section 2, we first review Z„ 
Belavin model and reflecting open boundary condition; the model under consideration in 
this paper is constructed from the corresponding double-row transfer matrices. In section 3, 
we introduce the intertwiner vectors and accompanying face-vertex correspondence relations 
which will play key roles in transforming the model in "vertex language" to the one in the 
"face language". After finding the pseudo- vacuum state, we use the algebraic Bethe ansatz 
method to diagonalize the transfer matrices of the model in section 4. Section 5 is for 
conclusions. Some detailed technical calculations are given in appendix A-C. 

2 Belavin model and integrable boundary condition 
2.1 Z„ Belavin R- matrix 

Let us fix r such that /m(r) > and a generic complex number w. Introduce the following 
elliptic functions 
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Among them the cr-function^ satisfies the following identity: 



a{u + x)a{u — x)a{v + y)a{v — y) — ct{u + y)a{u — y)a{v + x)a{v — x) 
= a{u + v)a{u — v)a{x + y)a{x — y), 

which will be useful in deriving equations in the following. 
The Z„ Belavin R-matrix [E] is given by [SDj 

i,j,k,l 



(2.3) 



(2.4) 



"'^Our (j-function is the z?-function 'di{u) K has the foUowing relation with the Weierstrassian a- 



function if denoted it by CTu,(m): aw{u) cx e''^" cr(u), r/i — 7r^(i — 4^^-^ 'i„ ) and q — e^^^'^ 



in which Eij is the matrix with elements {Eij)\, = SjkSu. The coefficient functions are 



iii + j = k + l mod n, 



otherwise. 



Here we have set 



u 



h(u) = (2.6) 

The R-matrix satisfies the quantum Yang-Baxter equation and the following unitarity 
and crossing-unitarity relations [22] 

Unitarity: i2{u)R^^{-u) = id, (2.7) 

Crossing-unitarity : [R^'M-u - nw){R'')%{u) = e^""'^H^(^ + nt/;) 

a[u + w)a[u + nw — w) 

(2.8) 

where U, i = 1,2 denotes transposition in the z-th space. 

We introduce "row-to-row" monodromy matrix T{u), which is an n x n matrix with 
elements being operators acting on (C")®^, from the R-matrix by the standard way j3] 

To{u) = <(m + zi)Rg{u + Z2)--- R^Niu + zn). (2.9) 

Here {zi\i = 1, ■ ■ ■ , A^} are arbitrary free complex parameters which are usually called inho- 
mogeneous parameters. One can show that T{u) satisfies the so-called "RLL" relation from 
the Yang-Baxter equation 

Rg{u - v)T^{u)T2{v) = T2{v)T^{u)RUu - v). (2.10) 
2.2 Integrable boundary condition 

We proceed to study Z„ Belavin model with open boundary, by following Sklyanin's work 
[Hj. Let us introduce a pair of K- matrices K~{u) and K^{u). The former K~{u) satisfies 
RE ((1121), namely, 

Rl2{Ul - U2)K^{Ui)R^^{Ui + U2)K^{U2) 

= K^iu2)Rf2iUl + U2)K^iu,)R^,{u, - U2), (2.11) 
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and the latter K~^{u) satisfies its dual equation 

i?f2(M2 - ui)K^{ui)R2i{-Ui -U2- nw)K^{u2) 

= K^{u2)Ri2{-ui - M2 - nw)Kt{ui)Rg{u2 - ui). (2.12) 

Various integrable boundary conditions are described by different solutions of K~{u) and 
K~^{u) jniEHI- In this paper, we shall consider the solution of RE ()2.1H) K~ {u) given by Plj 



^'•-M'-E^#H7^e,.-«Me,,v->-.(-"). (2.13) 



and the solution of the dual RE ()2.12|1 given by |2S1 



X '^Sl),A(+)-^(-^)<^^«,A«-^(^)- (2-14) 

They depend on free parameters {A-"-*!? = 1, ■ ■ ■ , n} and ^ (resp. {Aj^^-*|i = 1, ■ ■ ■ , ra} and 
1^) which specify the left integrable boundary condition (resp. the right integrable boundary 
condition). It is very convenient to introduce two vectors A*^^^ = ^i^^t^^i associated with 
the boundary parameters {A^^^^}, where {ej, i = 1, ■ ■ ■ ,n} is the orthonormal basis of the 
vector space C" such that {ei,ej) = 6ij. In equations (j2.13p . (j2.14p 0, 0, are intertwiners 
which will be specified later in section 3. We consider the generic {aS^^} such that X^^w ^ 
Xf^^w {modulo Z + rZ) for i ^ j. This condition is necessary for the non-singularity of 
K^{u). Let us remark that a further restriction 

A(+) = A(") = Ao, a generic vector Aq G C", (2.15) 

is necessary for the application of the algebraic Bethe ansatz method in section 4. Hereafter 
we will consider only the above case. 

For open boundary condition case, instead of the standard "row-to-row" monodromy 
matrix T{u) ()2.9p . one needs to introduce a "double- row" monodromy matrix T(m) 

T{u) = T{u)K-{u)T-\~u). (2.16) 

Using the "RLL" relation ()2.10|) and RE ()2.1H) . one can prove that T(w) satisfies the reflection 
equation 

RUui - U2)Ti{ui)Rg{Ui + U2)T2{U2) = T2{u2)RUuI + U2)T i{ui) Rg{ui - U2). (2.17) 



The double-row transfer matrices of Z„ Belavin model with open boundary are given by: 

t{u;0 = tr{K+{u)T{u)). (2.18) 

Here we have emphasized the dependence on the boundary parameter ^ of the transfer 
matrices through the boundary K-matrix K~{u) ()2.13|1 ^. With the help of the unitarity 
()2.7|) and crossing-unitarity relations ()2.8j) of R- matrix, Yang-Baxter relation p. HI . the RE 
()2.1H1 and its dual ()2.12j) . we can prove that the transfer matrices with different spectral 
parameters commute with each other 0: [t{u] C,),t{v; C,)] = 0. This ensures the integrability 
of the system. The aim of this paper is to find the common eigenvalues and eigenvectors of 
the transfer matrices ()2.18j) with the special K- matrices K^{u) given by ()2.13|1 . (j2.14|l and 

3 A^n-i SOS R-matrix and face-vertex correspondence 

The An-i simple roots are {aj = — e-j+i \ i = 1, ■ ■ ■ ,n — 1} and the fundamental weights 
{Aj \ i = 1, ■ ■ ■ ,n — 1} satisfying (Aj, aj) = 6ij are given by 

i . n 

I 



A. = ^efc--^efc. 

Set 

z = ej — e, e=— ^^efc, i = l,---,n, then ^^^ = 0. (3.1) 



n 

k=l k=l 



n n 



n 

k=l i=l 



For each dominant weight A = Yli=i ^i-^i ' ^ ^'''(the set of non-negative integers), there 
exists an irreducible highest weight finite-dimensional representation Va of with the 

highest vector |A). For example the fundamental vector representation is Va^. 

Let [) be the Cartan subalgebra of and {)* be its dual. A finite dimensional diag- 
onalisable f)-module is a complex finite dimensional vector space W with a weight decom- 
position W = ©/^6f)* W^M; SO that P) acts on W[ij] hy x v = /i(x) v, (x G f), v G Vr[/i]). 
For example, the fundamental vector representation = C", the non-zero weight spaces 
W\l] = Cei, i = l,---,n. 



^It will be shown in section 4 that the spectral parameter u and the boundary parameter ^ will be shifted 
for the reduced transfer matrices in each step of the nested Bethe anstz procedure. Therefore, it is convenient 
to specify the dependence on the boundary parameter ^ in addition to the spectral parameter u. 
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For a generic A G C", define 

Xi = {X,ei), Xij = Xi - Xj = {X,ei - ej), i,j = l,---,n. (3.2) 
Let R{u, X) e EndiC" ® C") be the R-matrix of the A^^l^ SOS model HH given by 

n 

R{u, X) = J2 ^(^^ ®Eu + Y^ X)Eii ® Ej, + A)^;,^ ® } . 

(3.3) 

The coefficient functions are 

B-iu,X) = l, 4(.,A) = 4^^M^f^, (3.4) 
^ ' a{u + w)a{Xijw) ^ ' 

A) = + (3,5) 

^ (t(w + i(;)(j(Aiji(;) ^ ^ 

and Xij is defined in (j3.2p . The R-matrix satisfies the dynamical (modified) quantum Yang- 
Baxter equation 

Rvi{U\ -U2,X- /l*^^^)i?i3(Mi - Ms, X)R2-i{u2 - M3, A - h'^^^) 

= -^23(^2 - U3, X)Ri3{ui -U3,X- h'^^^)Ri2{ui - U2, A), (3.6) 
with the initial condition 

R^iiO,X) = 5lS^. (3.7) 

We adopt the notation: Ruiu, X — h^^^) acts on a tensor f i '^2 ® 'I's as R{u, X — ^) ® id 
if t's G Moreover, the R-matrix satisfies unitarity and a modified crossing-unitarity 

relation [201 121 • 

Let us introduce an intertwiner — an n-component column vector 0;^;^_-(m) whose k-th. 
element is 

0W^,(„) = ^W(„ + nzi;A,). (3.8) 
Using the intertwiner, the face-vertex correspondence can be written as [201 

Rl2iui - M2)0A,A-i(wi) ® 0A-i,A-5-i(«2) = ^1 ^("l ~ ^2, A)g0A_^_[_fc(Ml) ® 0;, ;^_f(M2) • 



(3.9) 
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Then the Yang-Baxter equation of Z„ Belavin's R-matrix R^{u) is equivalent to the 
dynamical Yang-Baxter equation of A^^}_^ SOS R-matrix R{u,X) ()3.6p . For a generic A, we 
can introduce other types of intertwiners (f>, 4> satisfying the following conditions 

n 

EC-aH'^SUW = V> (3.10) 

k=l 

n 

E'^?4AH'/'it,AM = v- (3.11) 

fc=l 

One can derive the following relations from the above conditions 

n 

E'^?a-aW<^2UH = ^^.' (3-12) 

n 

Y.~^t,M = ^^r (3.13) 

With the help of the properties of 0, 0, ()3.10|1 - ()3.13|) . we can derive the following relations 
from the face- vertex correspondence relation ()3.9|) 

('^A+fc,A(^l) ® l)^f2(^l - ^2)(1 ® ^X^lxM) 

= E ^(^1 - A)g0;,+j+j^;,+^<^i) ® 0;,+^+^+fc(ti2), (3.14) 

{4>X+k,xiui) ® 0A+fc+/,A+fc(«2))i?f2(^il - U2) 

= J2 Ri^l - ^2, X)i-^x+i+j,X+jiui) ® 0A+i,A(«2), (3.15) 

(1 ® '^A,A-K«2))i?f2(«l - ^^2)(0A,A-i(«l) ® 1) 

= E Ri^i - «2, A)g0,_^_^_Kt^i) ® ^x-lx-i-]i:^2), (3.16) 

('^A-U-fc-/(^l) ® '^A,A-K^2))i?f2(Ml - ^i2) 

= E Ri^i - «2, A)g0,,,_^(«i) ® ^,_i,_i_-{u2}. (3.17) 

The face- vertex correspondence relations (|3.9|) and (j3.14p - (l3.17p will play an important 
role to translate all formulas in "vertex language" into their "face language" form so that 
the algebraic Bethe ansatz method can be applied to diagonize the transfer matrices. 
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4 Algebraic Bethe ansatz for Belavin model with 
open boundary condition 



As mentioned in Introduction, the intertwiners and the face-vertex correspondence relations 
()H.8|l - ()H.17j) will play a fundamental role in the construction of the eigenstates of Z„ Belavin 
model with open boundary condition specified by the K- matrices K^{u) given in ()2.1H|1 . 
(I2.14|) and (j2.15j) . In order to apply the algebraic Bethe ansatz method, we need to trans- 
form the fundamental exchange relation ()2.17|1 of vertex type into its face type so that we 
can construct the corresponding pseudo-vacuum and the creation operators to construct 
associated Bethe ansatz states. 

4.1 Exchange relations of double-row monodromy matrix of face 
type 

The transfer matrices of Z„ Belavin model with open boundary condition (j2.18p can be 
rewritten in the face type form by using (j3.12j) and (j3.13j) 

=tr{K+{u)T{u)) 

= j]^AKr(A|«;e);:. (4.1) 

We have introduced the dual K-matrix IC{X\u) of face type |2S] and the double-row mon- 
odromy matrix T{\\u;^) of face type as follows 

^(A|n)e = 0a,a-a(-^)^'-H0a-/.+p,a-aH = E'^S-a(-^)^^(«)''^W,a-aH' 

(4.2) 

TiXlu^O; = 0a-a+^,a-a(^) T(n)0A,A-A(-^) = E'^?-A+^,a-a(^) T(^)|0?a-a(-^)- 

id 

(4.3) 

The dependence on the boundary parameter ^ of T{X\u; ^) is through the double-row mon- 
odromy matrix of vertex type T(u) in ()4.3p by the definitions ()2.16|) and ()2.13|) . One can 
derive the following exchange relations among T{X\u; ^)'^ from the exchange relation ()2.17|) . 
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the face-vertex correspondence relation ()3.9|) and the relation ()3.13|) (for details, see Ap- 
pendix A) 



(4.4) 

Next, let us introduce a set of standard notions for convenience: ^ 

A{X\u) = T{X\u)l, B,{X\u) = -^M_T(X\u)], ^ = 2, ■ ■ ■ , n, (4.5) 

Vl{X\v) = _ 5.^(2«, A + i){]AiX\u)}, 

a[AiiW) 

i,j=2,---,n. (4.6) 



After some tedious calculation, we have found the commutation relations among ^(A|m), 
V{X\u) and B{X\u) (for details, see Appendix B). The relevant commutation relations are 

A(X\u)Bi(X - i + i\v) = + - _ I + i\v)A(X - i + t\u) 

a[u + V + w)a[u — v) 

> > ^ ^--Bi(A-l + z|n)^(A-l+2|i;) 



^"(■u — v)a{2v + to) cr(Aiity — w) 



a{w) ^ a{u + V + Xc,iw + 2w) ^ 1 , -i x (a^\ 

> 7T ■ — ^ Ba,{X-l + a\u)Vi[X-l + i\v), 4.7 

< ' n A -,11) -I- in\ 



' ^ ' ^ a(u - v)a(u + V + \ ^ ^ 



a(u + V + w) a(XaiW + w) 

a{u-v + w)a{u + v + 2w) j ^ ^^^^ \ _ 

ai,a2,/3i,/32=2 

X i?(« - A + jfrBp^iX -z + k + f32- i\v)V2liX - i + j\u)} 
a{w)a{2u + 2to) J o{u — v + XiaW — w 



7- ^ R(2u + w,X — I 



kl3 



a(u — v)a(2u + w) ] ^ a(XiaW — w) 

a,/3=2 



X BpiX-i + k + f3-i\u)VJ{X-l+j\v) 
a{w)a{2v)(r{2u + 2w) I ^-('U + v + Ayw) 



(7{u + V + w)ai2v + w)a{2u + w) a{XijW — w) 

X Bc,{X-l + k + a-l\u)A{X-i + 'i\v)^ , (4.8) 



•^The scalar factors in the definitions of the operators B{X\u) and I?(A|it) are to make the relevant com- 
mutation relations as concise as (|4.7|l - (|4.9|l . 
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Bi{\ + i - i\u)BjiX + i + 2i\v) = J2 R{u-vA- 2i)fr 

a,/3=2 

X BfsiX + P- i\v)Ba{X + a + (3- 2i\u). (4.9) 
4.2 Pseudo- Vacuum state 

The algebraic Bethe ansatz, in addition to the relevant commutation relations (j4.7j) - (j4.9p . 
requires a pseudo- vacuum state (also called reference state) which is the common eigenstate 
of the operators A, and annihilated by the operators Cj. In contrast to the rational and 
trigonometric models, for elliptic models of vertex type such as the eight-vertex model (or 
Zi2 Belavin model) and Z„ Belavin model, the corresponding pseudo-vacuum state cannot 
be constructed directly in "vertex language" jHl CH UHl CH]- However, the state can be 
successfully constructed when one translates it into "face language" (or equivalently after 
some local gauge transformation ^Ij). By the same way, we will construct the corresponding 
pseudo-vacuum state for Z„ Belavin model with open boundary condition specified by the 
K-matrices K^{u) given in ^TH^ . and (jZTH|) . 

Before introducing the pseudo- vacuum state, let us introduce a generic state in the quan- 
tum space by the intertwiner vector ()3.8p 

(4.10) 

where the vectors mo, m G C" and m = mo — X]fc=i '^k, the vector = id ® id - ■ ■ ® (p 
®id ■ ■ -. 

Now let us evaluate the action of the monodromy matrix T ()4.3|) on the state ()4.10|) . 
Using the definition of the double-row monodromy matrix T ()2.16|) and relations ()3.12p - 
()3.13|) . we can further write T in the following form 

r(m|u;Oi = 4>ni-iVj,m-iiu)T{u)K-{u)T-\-u)(f)^^^„-{-u) 

= ^m-i+j,m-i(«)^(«)'/'mo-i>+A,™o-i>(w)^mo-i>+A,™o~i>(w)^"(«) 
X 0^„,„o_p(-m)0„„,„o-i>(-m)T~^(-m)0„^„„j(-m) 

= r(m — i^rriQ — z>|u)^/C(mo|u; ^)'^S{m, mo|ii)^. (4-11) 
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Here we have introduced 



T(m, mo\uy^ = (4.12) 

S{m, mo\u)^ = 0mo,mo-/i(-«)^"^(-«)0m,m-i(-«)> (4-13) 

We can evaluate the action of the operator T(m, mo\u) on the state ■ ■ ■ , iN)mo the 
definition ()2.9j) and the face- vertex correspondence relation ()H.9j] 



X Riu + Z^, mo - lNf;-:<PZo+i.,rno+f.-Vj-^^) 



= R{u + z,,m)yl^ ^R{u + z,,m + l^^^ ■ ■ ■ 

X R{u + ZN,mo-iNf^l^\i\,--- (4.15) 

We adopt the convention that the repeated indices imply summation over 1, 2, ■ ■ ■ n in the 
last equation. The property of the R-matrix 

R{u, A)g = R{u, A ± (z + M] = Riu, X±ik + (4-16) 

is helpful to derive the above equation. Noting the unitarity of R^ (j2.7|) . T~^{—u) can be 
written 

T^\-u) = i?^o(« -zn)--- Rfoi^ - z,). (4.17) 



Then we can evaluate the action of the operator S{m, mQ\u) on the state l^i, ■ ■ ■ ,'iN)mo 
the face- vertex correspondence relation (|3.9|) as we have done for r(m,mo| 



'mo 

\u]: 



S{m, mo|M)f |zi, ■ ■ ■,iN)Zo = " ZN,mo)il^^_^Riu - ZN-i,mo - «iv)i^_| a^v-! " " " 

N 

xR{u-z,,mo-J2 T\h,---, ^N)ZU■ (4-18) 



k=2 
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We also adopt the convention that the repeated indices imply summation over 1, 2, ■ ■ - n in 
the above equation. Similarly, we obtain the action of T on the state |zi, ■ ■ ■ , iN)mo fro'^ ^^e 
decomposition relation ()4.1H) and equations ()4.15|) . ()4.18|) 

T{m\u; 0- Ni, ■ ■ ■ , «jv)I^o = ^("^' "^ok; ■ ■ ■ , «Jv)mo 



T(m - z, mo - 0\uy^lC{mo\u; i)'i,S{m, mol^x)^^, ■ ■ ■ , iN)Zo 
R{u + z,,m- t)yJ_^.,R{u + Z2,m-i + i'l)'^^ ■ ■ ■ 

N-l N 

X R{u + ZN,m-i + ^ i' kf^\'^ IC{mo\u; i)^R{u - ZN,m + ^ ^fc)Saiv-i 

k=l k=l 
N-l 



X R{u- ZN-i,m+ 2_^ik)i^^,o.^^^ - ■ ■ R[u - zi,m + Ihr ■ ■ , %)„o_p+^- 

(4.19) 



A;=l 



Here we also adopt the convention that the repeated indices imply summation over 1, 2, ■ ■ ■ n 
in the above equation. 

If one chooses A = Aq in equation ()4.2|) and mo = Ao in equation ()4.14|) . where Aq 
is related to the boundary parameters by ()2.15|) . the corresponding face type boundary K- 
matrices /C(Ao|m; ^^^^ 1C{\q\u) simultaneously become diagonal ones from equations ()2.13|) . 
(jm)) and the restriction (jTT3)) 

/C(Ao|w;Ol = ^(Aol^H = 5lk{\,\u),. (4.20) 

The functions A;(Ao|'u;Oi5 k{XQ\u)i are given by 

k{Xo\u] i)i = — — -— — -, 4.21 

a{{Xo)iW + ^ + u) 

I . /tt ^((Ao)..^-^) 1 a{{Xo)^w + ^+u+^) 

^ °' ^ jn a((Ao)..) I .((Ao)..+e— ^)- ^'-''^ 

The fact that both /C(Ao|'u;0 and /C(Ao|tt) have diagonal form will enable us to construct 
the pseudo-vacuum state of the model and apply the algebraic Bethe ansatz method to 
diagonalize the double-row transfer matrices p.lSjl later. 
Now, let us construct the pseudo- vacuum state \Q): 

|^]) = Kc)^-^^ = |l,■■■,l)^-^^ (4.23) 
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where Aq is related to the boundary parameters of the boundary K-matrices /C^ in ()2.15|) . 
Then we find that the actions of the operators ^(Ao — A^l, AqI'u) given by ()4.12|) and >S'(Ao — 
A^i, Xo\u) given by ()4.13|) on the pseudo- vacuum state ()4.23|) become 

r(Ao - Ni, Xo\u)l\vac)ll-''' = \vac)'^llf+\ (4.24) 
T{Xo-Nl,Xo\u)\\vac)ll-''^ = 0, t = 2,---,n, (4.25) 

N 

r(Ao - Nl, Xo\u)i\vac)ll''' = 5} J] R{u + z,, Aq + j - (iV - k)l)f,\vac)'^llf^'^, 

k=l 

i,j = 2,---,n, (4.26) 

S{Xo - Nl Ao|n)}|mc)^»-^^ = |^ac)J;°:f -\ (4.27) 

5(Ao - iVi,Ao|u)i|mc)^;;-^^ = 0, i = 2,---,n, (4.28) 

N 

SiXo - Ni, Xo\u)]\vac)ll''^ = 5} J] " Aq - (iV - A:)i)}^>ac);;«:f -^ 

fc=i 

z,j=2,---,n, (4.29) 

from equations ()4.15j) and ()4.18|1 . Noting that the diagonal form of /C(Ao|w; C) (!4.2()|1 and the 
above equations, we can derive 

r(Ao - Nl,Xo\u; 0}|^«c)^°-^^ = k{Xo\u; Oi\vac)',l'^\ (4.30) 
T{Xo-Ni,Xo\u-0\\vac)ll-''^ =0, z = 2,---,n. (4.31) 

Moreover, after a tedious calculation, we have (for details, see Appendix C) 

r(Ao - A^i, Xo\u; 0)\vac)ll''^ = S]{k{Xo\u; Oi(i?(2M, Ao - (A^ - 1)1)1] 

N 

- R{2u, Ao + n - ^k, Ao - (AT - k)l)]^^R{u + z^, Xo - {N - k)i)]\) 



k=l 

N 



+k{Xo\u; 0, n - - (iV - fc)i)}^-^(^ + ^fc, Ao - (A^ - k)iy/. 



k=l 



X |mc)^«-^\ t,j=2,---,n. (4.32) 

Keeping the definition of operators A ()4.5p and T>j ()4.(jj) in mind, and using the relations 
()4.3()|1 - ()4.32|1 . we find that the pseudo- vacuum state given by ()4.23|) satisfies the following 
equations as required 

^(Ao - Nl\u)\n) = k{Xo\u; (4.33) 
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Pi(Ao - Ni\um = S]P^'\u)kiXo\u + |; e - |), 

. ^ ^ ' ^,j' = 2,---,n, 4.34 

k=i ^^'^ + -2fc + wja^u - Zk + w) \ 

Ci{Xo- Ni\u)\n) = 0, i = 2,---,n, (4.35) 

Bi{Xo- Ni\u)\n) =^0, z = 2,---,n. (4.36) 



The function (3^^\u) is 



^ ^ ^ a(2ti + tf;)a((Ao)iw; + M + ^ ^ 



In deriving the equation ()4.34p . we have used the following equation 

u\ I c\ ;m I c\ Dfo \ , /^(i)^ o-((Ao)y?w)o-((Ao)jW + ^ - - «) , . 

a((Ao)lj«; + ^f)o■((Ao)j^i' + ^ + n) 

which is a consequence of the identity of ()2.3j) . the definitions (13. 5p and ()4.2ip . 

Therefore, we have constructed the pseudo- vacuum state \Q) which is the common eigen- 
state of the operators A, T>\, i = 2, ■ ■ ■ ,n, and annihilated by the operators Cj, i = 2, ■ ■ ■ , n. 
The operators Bi, i = 2, ■ ■ ■ ,n, will play the role of creation operators to generate the Bethe 
ansatz states. 

4.3 Nested Bethe ansatz 

After deriving the relevant commutation relations (j4.7p - (j4.9j) and constructing the pseudo- 
vacuum state (j4.23|) . we now apply the algebraic Bethe ansatz method (in this case, it is 
usually called nested Bethe ansatz) to solve the eigenvalue problem for the transfer matrices 
(I2.18|) of Z„ Belavin model with open boundary condition specified by the K-matrices K"^ (u) 
given in (j2.13p . (j2.14j) and (j2.15|) . We assume that N = n x I with / being a positive integer 
so that the algebraic Bethe ansatz method can be applied as in elliptic integrable models 

[smniiiiiis]- 

Let us introduce a set of integers: 

Ni = (n-i) X I, i = 0,l,---,n- 1, (4.39) 

and complex parameters {{f^ ^| k = 1, 2, ■ ■ ■ , A^j+i}, ^ = 0, 1, ■ ■ ■ , n — 2} for conve- 

nience. Like usual nested Bethe ansatz method (TUl HH HE], the parameters {{f^''}} 
will be used to specify the eigenvectors of the corresponding reduced transfer matrices (see 
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below). They will be constrained later by the Bethe ansatz equations ()4.57|) and ()4.64|) . For 
convenience, we adopt the following convention: 

vu = vf\ fc= l,2,---,iVi. (4.40) 

We will seek the common eigenvectors of the transfer matrices in the form 

n 

\vi,---,VN,) = ^'^•'"■■■''^^Sn(Ao + 5i-i|^i)^i2(Ao + ?i + ?2-2i|t;2) 

«ir--i«JVi=2 

Ni 

X • • ■ B,^^ (Ao + N,i\v^,)\n), (4.41) 

k=l 

in which F*i'*2. q^j-q coefficients to be determined later by ()4.5(i|l . The indices in the 
above equation should satisfy the following condition: the number of ik = j, denoted by 
#(i), being 

#(j) = /, J = 2,---,n. (4.42) 
With the above restriction, one can derive 

Xo + Y^ik- Nil = Xo + l^k- {n-l)li 

k=l k=2 

n 

= Ao + /^A;-n/i = Ao-M, (4.43) 

k=l 

using the identity (jH.lj) . 

Noting the diagonal form of the K-matrix }C{Xq\u) (|4.2(Jj) and its expression (j4.22j) . and 
the decomposition form (j4.H) of the transfer matrices, we can further rewrite the transfer 
matrices in the following desired form 



t{u; = J2~^{Xo\u),T{Xo\u;0: 

n 

= ~k{Xo\u)iA{Xo\u) + J2 HXo\u)ir {Xo\u; ■ 

1=2 
n 

= ^(Ao|m)i^(Ao|m) + ~k{Xo\u)iR{2u, Aq + i)i-^(A 

i=2 

n 

+ Y HXo\uUT{Xo\u- - R{2u, Ao + l)lA{X^\u)) 



1=2 
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HXo\u)iR{2u, Ao + i)\]A{Xo\u) 



i=l 

n 



^ 2 a[{Ao)iiW) 



a 



1=2 

n 

^'\u)A{Xo\u) + ^ ^«(Ao|« + ^mXolu)]. (4.44) 



j=2 

We have used the definition ()4.(jj) and introduced function a^-^\u) given by 



J2HXo\u)iR{2u,Xo + i)\\, (4.45) 



i=l 



and reduced K-matrix IC^^\X\u) as follows 

K:^'\Xo\u)i = Sik^'\Xo\u)„ z,j = 2,---,n, (4.46) 



cr((Ao)»fc«^ -ui)] o-((Ao)iU) + ^ + M + 



~k^'\Xo\u), = i TT "^7/;^--7 -^v-"^'- ------ 2 ^ (4.47) 

Now, let us evaluate the action of Vl{Xo\u) on the state \vi, ■ ■ ■ ,vni) given in ()4.41|1 . 
Many terms will appear when we move T'*(Ao|'u) from the left to the right of Bi{vk)^s. They 
can be classified into two types: wanted terms and unwanted terms. The wanted terms in 
Vl{Xo\u)\vi, ■ ■ ■ , fTVi) can be obtained by retaining the first term in the commutation relation 
(j4.8p . The unwanted terms arising from the second and third terms of (j4.8p . have some B{vk) 
replaced by B{u). One unwanted term where B{vi) is replaced by B{u) can be obtained by 
using firstly the second and third terms of ()4.8j) . then repeatedly using the first term of 
(j4.7p and (j4.8|) . Thanks to the commutation relation (|4.9|) . one can easily obtain the other 
unwanted terms where the other B{vk) is replaced by B{u). Keeping the equation (j4.43p and 
the properties of pseudo-vacuum state (j4.33|) - (|4.34|) in mind, we find the action of Vl{Xo\u) 
on the state |f i, ■ ■ ■ , vni) 

j ^ a{u - Vk + w)a{u + Vk + 2w) a{u + Zk)cr{u - Zk) 

k=i <^[u - Vk)cr{u + Vk + w) ^J^a{u + Zk + w)a{u- Zk + w) 

X /3a)(«)T«:(Ao|«+ |;e - |);::£i3..(Ao + - i|.i) 
X B,^{Xo + I'i + 1'^ - 2i\v2) ■ ■ ■ B,,^ (Ao - Nl\vM,)\n)F'^^--'^^ 

a{w)a{2u + 2w)a{u — f i + {Xo)ia'w — w) ^ a{vi — Vk + w)a{vi + Vk + 2w) 
a{u-Vi)a{2u + w)a{{Xo)iaW -w) ^1 ^-(t;! - t;fc)a-(^;i + + «;) 
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(t(vi + Zfc + tt))a(t;i - Zk + w) 



X i3,.(Ao + ^1 + ^2 - 211^^2) • • ■ % (Ao - Nl\vN,m)F'^'-''^i 



^ a{w)a{2vi)a{2u + 2w)a{u + Vi + (Ao)h^w) k(}\v^- c\ 
a{u + Vi + w)cr{2vi + w)a{2u + t(;)cr((Ao)ijiW — w) 

X M ^ , , — w -R{2u + w,Xo-z)i^i'Bi,{Xo + ii - l\u) 

X Bi.iXo + I1 + I2- 2i\v2) ■ ■ ■ B,^^ (Ao - m\vN,mF'^'--'^^ 
+ o.u.t., (4.48) 

where o.u.t stands for the other unwanted terms. We adopt here and in the following part of 
this subsection the convention that the repeated indices imply summation over 2, ■ ■ ■ , n (but 
we do not take the summation for the index i in the above equation). We have introduced 
reduced monodromy matrix T^^\X\u;$,): 

r<'>j(A|.+^;^-f):;:5^fi(« + f + 4'',A-%;"., 

Ni-1 

xRiu+^+ 4\x - 1 + ■ ■ ■ /?(« + f + a - u 5: i'^;^^ 

k=l ^ 

W ^ ^, W (I) . ^ ^^N,'^ 

X k{x\u + 2 ; ^ - 2 ^'^^(^ + 2 - ' ^ + E "^K "-,-1 

k=l 

Ni-1 

X K(M + — -z^ i,A+ 2^ ifcji ■■■ii:(w + — -^i ,A + «iji^i , 



k=l 



(4.49) 



where 



4'^ = ^A' + |, A: = 1,-- (4.50) 
The following property of R-matrix has been used to derive the equation (j4.48|) 

i?(w,A+i)^, = i?(«,A)^,, i,j,k,l>l. 
Similarly, we find the action of A{Xo\u) on the state • • • , vni) 

A{Xo\u)\vi, ■ ■ ■,vn^} = k{Xo\u]^)i — — ■ ■ — -\vi, ■ ■ ■ ,vni) 

(j{u + Vk + w)a{u - Vk) 
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a{w)cr{2vi)a{u - Vi - {Xo)ii^w + w) <:\ Tl '^(^i + - Vk - w) 

— z r z r T-— — r r KiAQlU, q Jl I I — z r z r 

a{u - vi)a{2vi + w)a{{Xo)u^w - w) a{vi + Vk + w)a{vi - Vk) 



X Bi,{Xo + H- i\u)B^,{Xo + ii+l2- 2i\v2) ■ ■ ■ 

xB,^^{Xo-Nl\vN,m)F'^'-''^^ 

a{w)a{u + vi + (Ao)aiw + 2w) ^^)^^^ ^ -pj- a{vi - Vk + w)a{vi + Vk + 2w) 
a{u + vi + w)a{{Xo)aiw + w) a{vi - Vk)cr{vi + Vk + w) 

a{vi + Zk)a{vi - Zk) j// , ^ w w q-i 



k=2 

N 

X 

k 



+ 2fc + - Zk + w) 2 2 " 

X S,..(Ao + h - i\u)Bi'^iXo + H + I2 - 21\v2) 
x---B,>;^^{Xo-Ni\vN,m)F'^'-''^^ 
+ o.u.t.. (4.51) 

Using the results when ^(Ao|w) and T'*(Ao|'u) act on the state \vi,---,vni) ()4.51|) and 
()4.48|) . and the equation ()4.44|) . we can find the action of the transfer matrices on the state 
1^1, ■ ■ -^vn^) 



t{u; 0\vi, vn,) = {a^^\u)A{Xo\u) + ^ ~k'^^\Xo\u + '^)iV{Xo\u)i)\vi, ■■■,vn,) 

1=2 



(1)/ \ c^ ri + ^k)(r{u - Vk - w) 

a"- >{u)k{XQ\u]Oi — — ■ ■ — - Vu---,vn,) 

-L-L a{u + Vk + w)a{u - Vk) 



+ (u) rr -^k + w)a{u + Vk + 2w) -pr a{u + Zk)a{u - Zk) 

J- J. ndi — III \rr(ii -\- d, -i- nu J- J. 



a{u - Vk)o-{u + Vk + w) a{u + Zk + w)a{u - Zk + w) 

+ u.t., (4.52) 

where u.t. stands for the unwanted terms. Reduced transfer matrices t^^\u;^) are given in 
terms of the reduced monodromy matrix ()4.49|) and the reduced K-matrix ()4.46|) and ()4.47p 

n 

t^'\u;0 = Y,~k^'\Xo\u),TmXo\u;0. (4.53) 



i=2 



The equation ()4.52p tells that the state \vi, ■ ■ ■ ,vni) is not an eigenvector of the transfer 
matrices t{u]^) unless F's are the eigenvectors of the reduced transfer matrices t^^\u;^) 
as ()4.56p . The condition that the unwanted terms should cancel each other, will give a 
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restriction on the A^i parameters {vk}, the so-called Bethe ansatz equation. Hence we arrive 
at the final results: 



t{u; C)\vi, vn,) = A(m; {vk})\vi, ■ ■ -yVNi). (4.54) 
The eigenvalue reads 



cr(2M)cr((Ao)i'W + it + w + ^) cr(M — f fc + w)a{u + + 2w) 



(j{2u + w)o-((Ao)i'W + -u + fl"^ ^("^ ~ Vk)a{u + Vk + w) 
a(u + Zk)a(u - Zk) .nw ""^ ^ 



a{u + Zk + w)a[u - Zk + w) 2 2 

in which the functions a^^\u) is given in ()4.45|1 and A.^^\u\ ^, {f^^^}) is the eigenvalue of the 
reduced transfer matrices defined in ()4.5Hj) 

= ^^^\u■i,{v^^^})F'^■■■'^^. (4.56) 

The parameters {vk\k = 1, ■ ■ ■ , A''!} satisfy so-called Bethe ansatz equation 

(1), a{{Xo)iW + ^ - Vs)a{2vs + w) yr cr{vs + Vk)a{vs - Vk - w) 



a{{Xo)iw + ^ + Vs + w)a{2vs + 2w) (y{vs + Vk + 2w)a{vs -Vk + w) 



" ,y a(i;. + + w)a{v, - Zk + wf ^""^ ^ 2'^ 2 ' ^^'^ ^^'^^^ 

The parameters {v'^k\^ ~ ^i'''i^2} will be specified later by the further Bethe ansatz 
equation ()4.(i4j] . 

The diagonalization of the transfer matrices t{u] ^) of Z„ Belavin model with open bound- 
ary condition specified by the K-matrices K^{u) given in (j2.13|) . (j2.14p and (|2.15|) is now 
reduced to the diagonalization of the reduced transfer matrices t'^^\u] ^) in ()4.5fi|) . The ex- 
phcit expression of t'^^\u] ^) given in (P3H|1 and implies that 6^\u] 

can be considered 

as the transfer matrices of a Belavin model with open boundary condition: the corre- 
sponding quantum space (resp. inhomogeneous parameters {zk} in (|2.16|) ) is replaced by 
(C"~^)^i (resp. {z^k'^})] the boundary parameter ^ for K,{\q\u]^) given in (j4.2ip is replaced 
by ^(1) = e - f (see (jO^ l: at the same time the corresponding K,{\q\u) is replaced by the 
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reduced one given in ()4.46|) and ()4.47|) . We can use the same method to find the eigenvalue 
of t^^\u] ^) as we have done for the diagonahzation of t{u] ^). Repeating the above procedure 
further n — 2 times, one can reduce to the last reduced transfer matrices ^'•""^^(m;^) which 
are trivial to get the eigenvalues. This is so-called nested Bethe ansatz. At the same time we 
need to introduce the "'^"~^h parameters {{f^^l k = 1,2, ■ ■ ■ , Ni^i}, i = 0, 1, ■ ■ ■ , n — 2} to 
specify the eigenvectors of the corresponding reduced transfer matrices t^''\u;^) (including 
the original one t{u; ^) = t^^\u; (^)), and the further reduced K-matrices ]C^'^\\o\u) (includ- 
ing the original one }C{Xo\u) = }C^^\Xq\u)) as we have done in ()4.46|) and ()4.47|) . The reduced 
K-matrices are given as follows 

IC'-"'\Xo\u){ = Sik^^\Xo\u)i, i,j = m + l,---,n, m = 0,---n-l, (4.58) 
U'-^UX\v)-l rr ^ii>^oUw~w) \ a{{Xo),w + ^+u+^^^) 

Like ()4.45j) . we introduce a set of functions {a^"^\u)\m = 1, ■ ■ ■ , n — 1} related to the reduced 
K-matrices ^(")(Ao|m) 



^i?(2«,Ao + mO('"-i)(Ao|ii)^, m = l,---,n. (4.60) 



Finally, we obtain all the eigenvalues of the reduced transfer matrices t^'^\u;^) with the 
eigenvalue A'-*)(?/; ^, {f^*^}) in a recurrence form 



{2u)(x{{Xo)i+iw + U + W + e^^)) a{u - + w)a{u + + 2w) 



a 

a{2u + w)a{{X^Uiw + u + e«) f-^^ _ ^{C)^^^ ^ ^« ^ 



f^^^a{u + zl' + w)a{u- zl' +w) ^ ^ 

i = l,---,n-2, (AM) 

(4.62) 



^ ^((Ao)ni/i + e + « + f )f^((Ao)n«^ + - U 



o{{Xo)nW + i-u- |)a((Ao)n«^ + + u) ■ 



The reduced boundary parameters {i^*-*^} and inhomogeneous parameters {z^ } are given by 
e(^^^) = e«-f, 4'''=^ + ^, ^ = 0,...,n-2. (4.63) 
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We adopt the convention: ^ = z^^ = Zk- The {{i^^''}} satisfy the following Bethe ansatz 
equations 



a((Ao)i+iw; + e^^) + vf^ + w)a{2v^^ + 2w) 

a[yl + vl')a[vl ' - v^' - w) 



X 



TT ^(^s ) A(m)^..m , ^.Ai) _ ^ J^(*+l).^ 

k=i '^{'"s + zl' + w)a{vs - zl' + w) ^ ^ 

i = l,---,n-2. (4.64) 



5 Conclusions 

We have studied Z„ Belavin model with integrable open boundary condition which are 
described by the boundary K- matrix K~{u) given in ()2.13p and its dual K~^{u) given in 
()2.14p with restriction ()2.15|) . The total number of the independent free boundary parameters 
among ^, ^ and (Ao)i, i = 1, ■ ■ ■ ,n, is actually n + 1 ^. Although the K-matrices are non- 
diagonal in the vertex form, they simultaneously become diagonal ones in the face type after 
the face- vertex transformation which are given in ()4.20|) - ()4.22|) (c.f. ()2.13p and ()2.14j) ). This 
fact enables us to successfully construct the corresponding pseudo- vacuum state \ fl) ()4.23|) 
and apply the algebraic Bethe ansatz method to diagonalize the corresponding double-row 
transfer matrices after using the intertwiner vectors and face- vertex correspondence relation. 
The eigenvalues of the transfer matrices and associated Bethe ansatz equations are given by 
(033), (imH - dll)^ . and (giSTj), For the special case of n = 2 (or the eight- vertex 

model case), our result recovers that of |.14 . 

Acknowledgements 

We thank H. Fan for useful discussion. W. -L. Yang is supported by the Japan Society for 
the Promotion of Science. 

''One can fix one of {{Xo)i}, for an example, (Ao)n = by shifting ^ — > ^ — (Ao)nW in H4.21|l . 
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Appendix A: The exchange relation of T 

The starting point for deriving the exchange relations ()4.4|) among T(A|w; is the exchange 
relation ()2.17|1 . Multiplying both sides of equation ()2.17|) from the right by ® 
0A+i3+j3, A+ial^^a), we can derive the following equations with the help of the face- vertex 
correspondence relation ()3.9|1 . the definition of T{\\u]^Y^ ()4.3|1 . and relation ()3.13|) 



L.H.S. = Rf2{Ul - U2)Ti{Ui)Rg{Ui + U2){(t)^^l^^^{-Ui) T(M2)0A+i3+j3, A+i3(~"2)) 
= Rf^iu, - M2)Ti(Mi)i?fiK + M2)(0A+i3,A(-«l) ® 1) 

X (1 ® {5^0A+i3+i2,A+i3("2)0A+i3+i2,A+i3(«2)T(M2)(^A+i3+i3,A+i3(-"2)}) 

= '^12(«1 - U2)Ti{ui)Rg{ui + M2)(0A+i3,A(-«l) ® 0A+i3+i2, A+i3 (^2)) 



J2 



xT{X + i3 + h\u2;0'it 
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«2 JlJ2 

X r(A + ?3+33|w2;OS 



= E('^A+^o,a(«i) ® </>A+5o+io, A+^o(«2)) E E ^("1 - "2, A):^^«r(A + Z2 + 

*0j'0 n,«2Jl,J2 

X + 1^2, A)^j:^T(A + 23 + j3|«2; (A.l) 

Similarly, we have 

R.H.S. = E(</'A+io, a(«i) ® '^A+io+io, A+^o(«2)) E E ^(-^ + ^0 + ]iK2; CyjlRiui + U2, X)Zn 

iojo h,i2 ji,j2 

X r(A + Z2 + ]2|ni; Om^i - A)^^:^ (A.2) 

Noting the fact that intertwiners are linearly independent of each other with a generic A |20j . 
we obtain the exchange relation ()4.4|) by comparing ()A.1|) with ()A.2|) . 

Appendix B: The relevant commutation relations 

Let us adopt the following notation for convenience 

AiX\u) = T(A|«; 01 B,iX\u) = r(A|«; • , ^ = 2, ■ ■ ■ , (B.l) 
Dl{X\u}=T{X\u;Ol ^,J = 2,■■■,r^. (B.2) 
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The starting point for deriving the commutation relations among A{u), T>l{u) and Bi{u) 
{i,j = 2,---, n) is the exchange relation ()4.4|) . 
For zq = jo = ja = 1, iz = i ^ 1, we obtain 

A{\ + 2i\v)B,{\ + i + i\u) = 4^i±^^M^izZ±^B,(A + i + 'i\u)A{\ + i + 'i\v) 

a(w)a(u + v)a(XiiW + u — v) ^ ,^ - ^, ^./^ i ^, x 
- w i 1^ wx (^^(^ + 1 + + 1 + 

^ a[u + f + w)a[\jxw) 

One can derive the following equation 

R{u + v,\)YiR{u-v,\)\\ R{u + v,\)]{R{2u,\ + l)\\ 
R{u + V, X)\\R{u - V, X)\i R{u + V, X)\\R{2u, A + i) 



11 
11 



a{w)a{2u)a{\iiW + u — v + w) 



(B.4) 



a{u — v)a{2u + w)a{\iiW + w) ' 
from the identity (j2.3|) . the definitions (|3.4j) and (j3.5|) . The commutation relation (j4.7p is a 
simple consequence of the equations ()B.3|) and ()B.4jl . the definitions ()4.5|1 and ()4.fj|l . 

For = A; 7^ 1, jo = 1, "^3 = 7^ 1 and ja = j 7^ 1, we obtain 

D'l{\ + l + i\u)B,{\ + 3 + i\v)= Yl 



xBf,,{X + k + l32\v)D2liX + i+j\ 



u 



J^R(u + v,X)'flR(u-v,X)'''l . . . . 

^ v,A)^ii?(M + t;,A)i^ 

R(u-V,X)'flR(u + V,X)\} - "-I ^ /-n rN 

In order to separate the contribution of A and Dj in the above relations, we need to introduce 
(cf.El): 

D^iX\u) = D'l{X\u) - 6'lRi2u, X+ i)'llA{X\u), t,k = 2,---,n. (B.6) 



We can derive the commutation relations among and Bj from (|BJ 

. . " R(u + v,X-l-i)l^^R(u-v,X-l 

Dt{X\u)B,{X + j-l\v)= L , , ^1. ^ \ -.n 



ai,a2,f3i,P2=2 

24 



X Bp,{\ + k + (32-i- t\v)D'^l{X - i + j\u) 
^j^^R{u-v,X-l-^)t\R{u + v,X-l-^)\l '''' 

X B(i^{X-i~i + (32 + k\v)A{X-i+j\u) 

2^^R^u-v,X-i~z)l\R{u + v,X~i~l)\l ^ 

X Ba{X -1-1 + a + k\u)A{X - 1 + j\v) 
V ^(^ + A - 1 - - t;, A - 1 - ^),\" ^^ ^ _ , _ 

^ i?(«-t;,A-i-^)tli?(« + ^,A-i-?)l^ ''""^ ^ 

cr(M — + w)cr('U + V + w)a{2u + Aifciy)o"(Aifeto)cr(t«) 
a('u — v)a(u + i;)(j(2w + w)a{XikW — w)a{XikW + w) 

X 5f A(A - z + k\u)Bj{X +'j-l\v). 



(B.7) 



We have used the following equation 



R{u-v,X-l- i)\lR{u + A - 1 - i^'^i 



— — — ' ' . — + R(2u, X + l)ft 

R{u-v,X-l-t)l\Riu + v,X-l-i)\l 

a{u — V + w)a{u + v + w)a(2u + Xikw)a{Xikw)a{w) 



(B.8) 



a{u — v)a{u + v)a{2u + w)a{XikW — w)a{XikW + w) 

to derive the last term on the right side of the above equation. The equation ()B.8|) is a 
consequence of the identity ()2.3|) . Again using the identity ()2.3|) . after some long tedious cal- 
culation, we finally obtain the commutation relation ()4.8p from the above exchange relation 
by noting the definitions ()4.5|) and ()4.6p . 

For Iq = jo = 1, is = i 1 and = j 1, we obtain 

. . " R{u-v,X)^^R{u + v,X)l^g 

B^iX + ^ + l\u)B,iX + ^+J\v)=J2 JaUIpLJah 

X S^(A + i+/^|^;)5«(A + i + ]h), (B.9) 

which leads to the commutation relation ()4.9|) . 
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Appendix C: The action of on the pseudo- vacuum 
state 

Using the same method as apphed for the calculation of the actions of (I4.3U|) and 
fl4.Hl|l on the pseudo-vacuum state ()4.23j) in subsection 4.2, we have 

T(Ao - M, Ao|n; 0>«c)^°-^^ = k{X^\u- Oi^Aq - M - j, Aq - l\u)\ 
x5(Ao-M,Ao|«)]|mc)^«-^^ 

N 

+ 5ik{X^\u- a- n ^(^ - Ao - (A^ - k)i)\iR{u + zuA^-{N- k)i)i\ 



k=l 



X |mc)^r'^\ z,j = 2,---,n. (C.i: 



The first term on the right hand of the above equation cannot be calculated directly by the 
same method. However, we can calculate the first term by the following way. 
We can derive the following exchange relations from "RLL" relation ()2.10|) 

T,iu)RU2u)T,-\-u) = T,'\-u)Rg{2u)T,{u). (C.2) 

Multiplying both sides of the above equation from the left by (pXo-Ni-i+j Xo-m-ii'^) ® 
'^Ao+i,Ao(-^) and from the right by 0Ao+i,Ao(^) ® '/'Ao-Jvi,Ao-7vi-i(-^)' ^e obtain the following 
exchange relation from the face-vertex correspondence relations ()3.9p and ()3.14|) - ()3.17|) 

n 

^(2«, Ao + i)i<ir(Ao - M - z, Ao - a\u)iS{Xo - M, \o\u)t 



a=l 



= Ao - M + &yJlSiXo - M + d, Ao + i|M)jT(Ao - M, Ao|^x)^ 

a,f3=l 

(C.3) 

Acting both sides on the pseudo- vacuum state \vac)^^~'^^ , and using the equations ()4.24|) - 
dOni), we obtain 



T(Ao -Ni-lXo~ i\u){S{Xo - A^i, Xo\u)l\vac)ll''' = {R{2u, Xo - {N - 1)1) 



N 



-R{2u, Ao + i)i] n - ^fc, Ao - (A^ - k)i)]^^R{u + Zk,Xo-iN- k)i)]l 



X \vac)ll''\ (C.4) 



k=l 

-Ni 

'Ao 

The equation ()4.32p is a simple consequence of the equations ()C.1|) and ()C.4|) . 
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